Abstract. In this paper we give the topological classification of real primary Kodaira surfaces and we describe in detail the structure of the corresponding moduli space.
Introduction
The purpose of this paper is to achieve the topological classification of real Kodaira surfaces and to describe the structure of their moduli space.
The main tool that we used in the topological and differentiable classification is the notion the orbifold fundamental group exact sequence of a real variety, whose relevance in real geometry has been pointed out in [C-F] .
To be more precise, a smooth real variety is a pair (X, σ), consisting of the data of a smooth complex manifold X of complex dimension n and of an antiholomorphic involution σ : X → X (an involution σ is a map whose square is the identity).
X is a complex manifold, so it is determined by a differentiable manifold M and a complex structure J on the complexification of the real tangent bundle of M .
If we consider the same manifold M together with the complex structure −J, we obtain a complex manifold which is called the conjugate of X and denoted bȳ X.
The involution σ is now said to be antiholomorphic if it provides an isomorphism between the complex manifolds X andX (and then (X, σ) and (X, σ) are also isomorphic as pairs).
If (X, σ) is a compact real variety, one would like to describe the isomorphism classes of the pairs (X, σ), or the possible topological or differentiable types of the pairs (X, σ).
We notice that already the problem of describing the topological type of the real part of X, X(R) := F ix(σ) can be rather difficult.
Recall that Hilbert's 16-th problem is a special case of the last problem but for the more general case of a pair of real varieties (Z ⊂ X, σ).
For a smooth real variety, we have the quotient double covering π : X → Y = X/ < σ >, and the quotient Y is called the Klein variety of (X, σ).
In dimension n = 1 the datum of the Klein variety is equivalent to the datum of the pair (X, σ), but this is no longer true in higher dimension, where we will need also to specify the covering π.
The covering π is ramified on the real part of X, namely, X ′ := X(R) = F ix(σ), which is either empty, or a real submanifold of real dimension n.
If X ′ := X(R) = F ix(σ) is empty, the orbifold fundamental group of Y is just defined as the fundamental group of Y .
If X ′ = ∅, we may take a fixed point x 0 ∈ F ix(σ) and observe that σ acts on the fundamental group π 1 (X, x 0 ): we can therefore define the orbifold fundamental group as the semidirect product of the normal subgroup π 1 (X, x 0 ) with the cyclic subgroup of order two generated by σ. It is easy to verify then that changing the base point does not alter the isomorphism class of the following exact sequence, yielding the orbifold fundamental group as an extension 1 → π 1 (X) → π orb 1 (Y ) → Z/2 → 1 (changing the base point only affects the choice of a splitting of the above sequence).
In [C-F] we studied real hyperelliptic surfaces and we proved that the topological and differentiable type of a real hyperelliptic surface is completely determined by the orbifold fundamental group exact sequence. Furthermore, once we fix the topological type of a real hyperelliptic surface, the corresponding moduli space is irreducible and connected.
We also claimed that the orbifold fundamental group exact sequence is a powerful topological invariant of the pair (X, σ) in the case where X has large fundamental group, in particular in the case where X is a K(π, 1).
Primary Kodaira surfaces are non Kähler surfaces which are K(π, 1) and Kodaira gave a description of them as quotients of C 2 by a group acting by affine transformations (cf. [KoI] ). So we thought that we could try to study real primary Kodaira surfaces, in order to give another issue (besides real hyperelliptic surfaces) where the topology of the pair (S, σ) is determined by the orbifold fundamental group exact sequence.
Our first result is Theorem 0.1. Let (S, σ) be a real primary Kodaira surface. Then the differentiable type of the pair (S, σ) is completely determined by the orbifold fundamental group exact sequence.
Primary Kodaira surfaces are non Kähler surfaces of Kodaira dimension 0, their first Betti number is three and their first homology group is isomorphic to Z ⊕ Z ⊕ Z ⊕ Z/mZ, where m ∈ Z, m ≥ 1.
Moreover the torsion coefficient m completely determines the differentiable type of a Kodaira surface.
The second result on the topology of real Kodaira surfaces that we have is the following.
Theorem 0.2. Let us fix the topological type for a Kodaira surface S, i.e. we fix the torsion coefficient m ∈ Z of the first homology group of S. If m ≡ 0 (mod 2), then the number of topologically different real Kodaira surfaces is equal to 17; if m ≡ 1 (mod 2), then the number of topologically different real Kodaira surfaces is equal to 13.
As a consequence we obtain
Corollary 0.3. Let (S, σ) be a real Kodaira surface. Then the real part S(R) is either the empty set, or a disjoint union of t tori, where 1 ≤ t ≤ 4.
Regarding then the complete description of the moduli space of real Kodaira surfaces, we have the following main result that asserts that the differentiable type of the pair (S, σ) determines the deformation type. This is true for real Kähler surfaces of Kodaira dimension less or equal to 0, but it is false already for complex surfaces if the Kodaira dimension equals 2, cf. [Ca1] , [Ca2] , [Ma] , [Ca5] , [Kha-Ku] ).
Theorem 0.4. Fix the topological type of (S, σ) corresponding to a real Kodaira surface. Then the moduli space of the real surfaces (S ′ , σ ′ ) with the given topological type is irreducible (and connected).
To prove the last result we used the description of the moduli space of complex Kodaira surfaces of a given differentiable type given by Borcea in [Bo1] .
The moduli space corresponding to isomorphism classes of complex structures on a fixed topological (differentiable) type S 0 of a Kodaira surface may be identified to the product of the complex plane with a punctured disk.
Concerning now the Enriques classification of real algebraic surfaces, it has been focused up to now mostly on the classification of the topology of the real parts, the topological classification of real rational surfaces going back to Comessatti ([CO1] [CO2] [CO3] ), as well as the classification of real abelian varieties ([CO3] , see also [Si] , [Se-Si] ). A complete description of the deformation classes of real structures on minimal ruled surfaces is given by Welschinger ( [We] ).
In the case of real K3 -surfaces we have the classification by Nikulin and Kharlamov ( [Ni] , [Kha] ), for the real Enriques surfaces the one by , [D-K3] ).
For real hyperelliptic surfaces we have already mentioned the paper [C-F] . Finally, partial results on real ruled and elliptic surfaces have been obtained by Silhol ([Si] ) and by Mangolte ([Man3] ).
The paper is organized as follows: in section 1 we recall the description given by Kodaira of (primary) Kodaira surfaces and the results of Borcea on the moduli space of Kodaira surfaces of a given topological type.
In section 2 we describe the possible liftings of an antiholomorphic involution σ on S to the universal covering C 2 of S. In particular it turns out that all such liftings can be represented as affine transformations of R 4 . In section 3 we first recall the notion of the orbifold fundamental group of a real variety and we show that the representation of the orbifold fundamental group as a group of affine transformations of R 4 is uniquely determined, up to isomorphism, by the abstract structure of the group.
Then, we show that, once this affine representation is fixed, the moduli space for the compatible complex structures is irreducible and connected. Finally we describe all the possible topological types of a real Kodaira surface. In section 4 we explain how to determine the topology of the real part of a real Kodaira surface and we give a list of all the possible real parts as disjoint unions of tori.
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Basics on Kodaira surfaces
Kodaira proved the following theorem (cf. [KoI] ) Theorem 1.1. Let S be compact complex smooth surface. If the canonical bundle of S is trivial, then S is a K3 surface, a complex torus or an elliptic surface of the form C 2 /G, where C 2 is the space of the two complex variables (z 1 , z 2 ) and G is a properly discontinuous group of affine transformations without fixed points of C 2 which leave invariant the 2-form dz 1 ∧ dz 2 . The first homology group of the elliptic surface
The surfaces S = C 2 /G in the theorem are called primary Kodaira surfaces and they admit a holomorphic locally trivial fibration over an elliptic curve with an elliptic curve as typical fibre.
In [KoI] Kodaira also proved that the fundamental group G of S can be generated by the elements g 1 , g 2 , g 3 , g 4 , which as covering transformations have the form
The centre Z of G is the subgroup generated by g 1 and g 2 , Z =<
Therefore we have a central extension
Now the proof is an easy computation. Q.E.D.
and the map
has fibre E β . One can prove that from a differentiable viewpoint, Kodaira surfaces are completely determined by the torsion coefficient m of their first integral homology group (cf. [Bo1] ).
If S is a compact complex surface with trivial canonical bundle, a non zero global holomorphic two-form η satisfies
Conversely, let S 0 be the underlying differentiable manifold, then any global complex valued two-form η satisfying (1) defines a complex structure on S 0 with respect to which η is holomorphic and nowhere null. Let p ∈ P(H 2 (S 0 , C)) be a point corresponding to the cohomology class of a global holomorphic non zero two form for some complex structure on S 0 with a trivial canonical bundle, the p lies in the open set D determined on the quadric p · p = 0 by the condition p ·p > 0. Here the product is cup product on H 2 (S 0 , C). The group of orientation preserving diffeomorphisms on S 0 acts on D, and we have the following results of Borcea ([Bo1] ).
there exist representatives η of p satisfying conditions (1). Theorem 1.4. Any two such representatives define isomorphic complex analytic structures on S 0 .
Furthermore any complex structure on S 0 occurs in this manner i.e. it has a trivial canonical bundle.
Therefore he proves that a parameter space for isomorphism classes of complex structures on S 0 is the quotient of D by the action of orientation preserving diffeomorphisms on S 0 and we have the following theorem.
Borcea shows that if we take coordinates (x 1 , y 1 , x 2 , y 2 ) on the universal covering of S 0 , a basis of H 2 (S 0 , C) is given by the forms θ ij , 1 ≤ i < j ≤ 4, (i, j) = (1, 2), (3, 4), where θ ij = ω i ∧ ω j , with
So a two form η can be written as follows: η = p 13 θ 13 + p 23 θ 23 + p 14 θ 14 + p 24 θ 24 , where (p 13 , p 23 , p 14 , p 24 ) are homogeneous coordinates on PH 2 (S 0 , C) and D is given by:
One can also show (see [Bo1] ) that the action of the orientation preserving diffeomorphisms of S 0 on D is the following 
Symmetries of Kodaira surfaces
Let us now assume that S is a real Kodaira surface, and let σ : S → S be an antiholomorphic involution. Then we can find a liftingσ of σ to the universal cover C 2 .
Proposition 2.1. Letσ be a lifting of σ to C 2 , thenσ is an affine transformation.
Proof. Sinceσ is a lifting of σ to the universal covering,σ acts by conjugation on G, therefore it also acts on the centre Z of G, because it is characteristic.
Henceσ induces an antiholomorphic mapσ :
Since C z2 /Z ∼ = E β which is compact, we immediately see that σ 1 is constant in z 2 , σ 1 (z 1 , z 2 ) = σ 1 (z 1 ). Furthermore, since Z acts by translations on C z2 , we see that σ 2 is affine antiholomorphic in z 2 and we can write
2 acts by translations on C z1 and C z1 /H = E α which is compact. σ normalizes H, therefore for every g ∈ H there exists a g ′ ∈ H such that
So we see that σ 1 is affine antiholomorphic in z 1 and we can write
Now we use the fact that there exists g ∈ G such thatσ • g 3 = g •σ, and g ′ ∈ G such thatσ • g 4 = g ′ •σ. We observe that the action of G on the first component is given by translations, therefore we havẽ
Analogously for g 4 we havẽ
So from the first components we find x =cα 3 , x ′ =cα 4 . The second components yield
By derivation w.r.t.z 1 we obtain
So ∂c2 ∂z1 (z 1 ) = hz 1 + f and by subtituting this expression in the last two equations we get
Sinceσ 2 ∈ G, we immediately see that cc = 1. Hence, since x =cα 3 , x ′ =cα 4 , we have xc = α 3 , x ′ c = α 4 and a 2 = 1 − hᾱ
Therefore we have ∂c2 ∂z1 (z 1 ) = f , hence c 2 (z 1 ) = fz 1 + g, and
Let us now impose the conditionσ 2 ∈ G.
Therefore, as we have already noticed we have |c| 2 = 1 and cf
Remark 2.2. Letσ be a lifting of σ to the universal covering C 2 as above, then we haveσ
Proof. It only remains to show thatΓ β = Γ β and cΓ α = Γ α . The conditionσg iσ −1 ∈ Z, i = 1, 2 givesΓ β = Γ β , while by imposingσg jσ −1 ∈ G, j = 3, 4 we obtain cΓ α = Γ α .
Q.E.D.
Topological types of real Kodaira surfaces
First of all we recall the notion of the orbifold fundamental group exact sequence, that we have introduced in [C-F] .
Let (X, σ) be a smooth real variety of dimension n (i.e., X is a smooth complex manifold of complex dimension n given together with an antiholomorphic involution σ). Then we have a double covering π :
. We will define the orbifold fundamental group exact sequence of (X, σ) as the isomorphism class of a given extension
The choice of a base point will however create some technical difficulties.
Definition 3.1.
(
, σ acts on π 1 (X, x 0 ) and we define π orb 1 (Y, y 0 ) to be the semidirect product of the normal subgroup π 1 (X, x 0 ) with the cyclic group of order 2 generated by an element which will be denoted byσ 0 and whose action on π 1 (X, x 0 ) by conjugation is the one of σ. Since in all cases we have a well defined exact sequence
this will be called the orbifold fundamental group exact sequence. Proposition 3.2. The isomorphism class of the fundamental group exact sequence is independent of the choice of y 0 .
Proof. This is well known when comparing cases (1), (3) and (4) which are mutually exclusive.
In case (2) (X ′ = ∅) we claim that π orb 1 (Y, y 0 ) is independent of the choice of x 0 ∈ X ′ . In fact, let δ be a path connecting x 0 with x 1 : then the map
yields an isomorphism between π 1 (X, x 0 ) and π 1 (X, x 1 ). The action of σ on π 1 (X, x 1 ) reads out on π 1 (X, x 0 ) as the composition
But this action is precisely the conjugation byσ 1 := δσ(δ)
0 . Sinceσ 1 is an element of order 2, we obtain that the split extensions
To relate case (2) with the other two it suffices, once x 0 ∈ X ′ and x 1 are given, to choose a splitting of the extension
Q.E.D. X ′ is a real submanifold of codimension n, hence the map
is surjective if n ≥ 2 and it is an isomorphism for n ≥ 3. The singularities of Y are contained in Y ′ = π(X ′ ) and there we have a local model R n × (R n /(−1)). Therefore Y is smooth for n = 2 and topologically singular for n ≥ 3. The local punctured fundamental group π 1 (Y − Y ′ ) loc is isomorphic to Z for n = 2, while it is isomorphic to Z/2 for n ≥ 3. This means that the kernel of the surjection
is normally generated by loops γ around the components of Y ′ . If n ≥ 3, then we automatically have γ 2 = 1.
LetX be the universal covering of X, so that X =X/π 1 (X). The exact sequence (5) defines a group which is the group of liftings of the action of
→ 1 always splits, as follows by the definition.
Theorem 3.5. Let (S, σ) be a real Kodaira surface. Then the differentiable type of (S, σ) is completely determined by the orbifold fundamental group exact sequence
Proof. First of all we see that the fundamental group exact sequence determines the topological type of the surface S. In fact consider the homotopy exact sequence of the fibration S → E α with fibre E β
Kodaira proved that there exists a representation of G in A(2, C) such that γ i , i = 1, 2 correspond to the translations g i , i = 1, 2. Furthermore if π : S → E α is the fibration, there exist f 3 , f 4 ∈ π 1 (S) such that π * (f 3 ) = γ 3 , π * (f 4 ) = γ 4 , and such that f 3 , f 4 are represented by the affine transformations g 3 and g 4 .
By possibly taking other generators of the fundamental group of the fibre, π 1 (E β ) = Z, we can assume that we have the relation g 3 g 4 g
= g m 2 and obviously (7) determines the integer m. Now, since the torsion coefficient m determines the differentiable type of S (cf. [Bo1] ), π 1 (S) determines S differentiably. Now we assume that (S, σ) is real. Then we have seen that we have a representation of a liftingσ of σ to the universal covering R 4 of S as an affine map of the formσ
The orbifold fundamental group exact sequence determines the orbifold fundamental group exact sequence of the action of σ 1 on the elliptic curve E α . In fact we have already observed that an elementσ ofĜ − G acts by conjugation on Z, therefore it acts on G/Z = H. So we have determined an extension 1 → H →Ĥ → Z/2 → 1, which is the orbifold fundamental group exact sequence for the real elliptic curve E α . Since for a real elliptic curve the orbifold fundamental group exact sequence determines the topological type (cf. e.g. [C-F] ), we have shown that we can fix the topological type of (E α , σ 1 ), where σ 1 denotes as above the first component ofσ. We have thus three different topological cases for the action of σ 1 on the universal covering R 2 of E α , which can be distinguished as follows.
We can assume that the linear part of σ 1 , which is given by the matrix
is one of the following
Otherwise if in case A) we have F ix(σ 1 ) = ∅, one can easily prove that we can assume d 1 = (1/2) the +1-eigenvector of the linear part of σ 1 , d 2 = 0 (see for instance [C-F] 
lemma 5.5).
Every element h ∈ G has the following form:
We would like now to determine the f i 's and the γ j 's in the expression ofσ. In order to do this we impose in cases A) and B) the condition that for all h ∈ G − Z, σhσ −1 ∈ G − Z. Let us treat at first case A). The linear part ofσhσ
Now we compute the translations parts and we obtain
Now, sinceσhσ
−1 ∈ G, we know the translation part ofσhσ −1 , which must be of the form 
so we know δ and ǫ and from the computation above we must have
We are assuming that h ∈ G − Z, so we know that a 2 + b 2 = 0, therefore f 1 and f 2 are uniquely determined, since the orbifold exact sequence determines the conjugation action ofσ on G.
Now we treat case B).
Here we may assume
Again, if h ∈ G − Z, we know thatσhσ −1 ∈ G − Z, and therefore we know the action ofσhσ −1 on the universal covering. The linear part ofσhσ
and we are able to determine f 1 and f 2 , since we know h andσhσ −1 and a 2 +b 2 = 0.
So we can determine the linear part ofσ in all cases. Now we want to find the translation part
Observe that we also knowσ 2 , because it is in G. In case A) we have the expressioñ
so we are able to determine γ 1 . Analogously in case B) we find
Thus also in case B) we are able to find γ 1 .
Consider now a translation
then τ −1 gτ = g, ∀g ∈ G, and we have
If we set t 2 = γ 2 /2, by substitutingσ with τ −1σ τ we may assume that γ 2 = 0 and we are done.
Remark 3.6. For a real Kodaira surface (S, σ), we must have
, where Re(β 1 ) = 0. Furthermore ifσ is any lifting of σ to the universal covering, we haveσg 1σ
Proof. We know that mβ 2 =ᾱ 3 α 4 −ᾱ 4 α 3 = 2iIm(ᾱ 3 α 4 ), therefore we must have Re(β 1 ) = 0, since β 1 and β 2 are linearly indipendent over R.
Furthermoreσg 1σ −1 ∈ Z, thus we havẽ
Remark 3.7. If F ix(σ) = S(R) = ∅, then (6) splits.
Proof. Let x 0 be a fixed point of the antiholomorphic involution σ on S, let p :S ∼ = R 4 → S be the universal covering map. Since the covering p is Galois, for all y ∈ p −1 (x 0 ), there exists a liftingσ of σ such thatσ(y) = y. But thenσ 2 is a lifting of the identity map with a fixed point, therefore it must be the identity and (6) splits.
Theorem 3.8. Fix a topological type of a real Kodaira surface (S, σ), then the moduli space of the real Kodaira surfaces of the given topological type is irreducible and connected.
Proof. In section 1 we have seen that in order to give a real Kodaira surfaces it suffices to find a complex structure η ∈ D on the topological type S 0 of S such that everyσ ∈Ĝ − G is antiholomorphic the complex structure induced by η, i.e. we haveσ * (η) = λη, where λ ∈ C * . We know that homogeneous coordinates on PH 2 (S 0 , C) are (p 13 , p 23 , p 14 , p 24 ) and η = p 13 θ 13 + p 23 θ 23 + p 14 θ 14 + p 24 θ 24 ∈ D, therefore we have p 13 p 24 − p 23 p 14 = 0,
Let us choose coordinates on the universal covering of S 0 as above (x 1 , y 1 , x 2 , y 2 ). Then we have to distinguish cases A) and B) as in the proof of 3.5 in the choice of a liftσ of σ,σ ∈Ĝ − G.
In case A)σ is of the form
The conditionσ
* (η) = λη yields p 13 = λp 13 , −p 23 = λp 23 , −p 14 = λp 14 , p 24 = λp 24 ,
Re(x) = Re(y) = 0. If f 2 = 0 these are the only conditions on (x, y) therefore (x, y) ∈ iR + × iR + ∪ iR − × iR − and the two components are exchanged by the automorphism sending (x, y) to (−x, −y), obtained by setting in ( * ) a = e = −d = −1, b = c = k = 0, so the moduli space is irreducible and connected.
If f 2 = 0, we also have the condition p 13 = −p 24 , so xy = −1, but x = iγ, y = iδ with (γ, δ) ∈ R + × R + ∪ R − × R − , thus xy = −γδ = −1. This is a hyperbola whose two branches are exchanged by the automorphism of D sending (x, y) to (−x, −y), therefore it is irreducible and connected. Now let us consider case B) forσ. If f 2 = 0, these are the only conditions on (x, y) ∈ H + × H + ∪ H − × H − , so the moduli space is irreducible and connected, since the two components are exchanged by the same automorphism as above sending x to −x, y to −y.
If 
We obtain
since y +ȳ = 0. Therefore the moduli space is parametrized by the image of the map y → ( Q.E.D.
Theorem 3.9. Let us fix the topological type for a Kodaira surface S, i.e. we fix the torsion coefficient m ∈ Z of the first homology group of S. If m ≡ 0 (mod 2), then the number of topologically different real Kodaira surfaces is equal to 17; if m ≡ 1 (mod 2), then the number of topologically different real Kodaira surfaces is equal to 13.
Proof. Let us first of all fix some notation. We know by theorem 3.5 that the topological type of a real Kodaira surface is determined by the orbifold fundamental group exact sequence 1 → G →Ĝ → Z/2 → 1 Everyσ ∈Ĝ − G has the following form:σ(x) = Ax + b, where
while every element h ∈ G has the form
Therefore we set g j (x) = A j x + v j , where
Since we fix the topological type of the real elliptic curve E α = C/(α 3 Z + α 4 Z), we have for E α , σ 1 ) three different possible topological types. Now, from the description of the moduli space of real elliptic curves (cf. e.g. [A-G]), it is easy to see that we may assume a 3 = 1, b 3 = 0, a 4 = 0, b 4 = 1 and we have three different topological types (cf. 3.5):
Finally, as we showed in the proof of theorem 3.5, by conjugating by some
 and so we may assume that in the expression of σ we have γ 2 = 0.
Recall that g 3 g 4 g
, so δ 2 = 0 and ǫ 2 = 2/m, and thus δ 1 = 0. Observe that for every g ∈ Z, g(x) = x + v, and for everyσ ∈Ĝ − G we havẽ σgσ −1 (x) = x + Av, therefore we havẽ
2 (x), since δ 2 = 0.
Since we know thatσZσ
and we immediately see that we have λ = 1 µ = −2ǫ 1 /ǫ 2 = −mǫ 1 ∈ Z.
So we have shown that for everyσ ∈Ĝ − G we haveσg 2σ
Recall that we have an action of Z/2 =< σ > on Z given by the orbifold fundamental group exact sequence, since the conjugation action on Z is independent of the choice of the liftingσ ∈Ĝ − G of σ.
Observe that we still can change generators of Z by substituting g 1 with g 1 g t 2 , and leaving g 2 invariant.
Then we haveσg 1 g t 2σ
. Thus if µ ≡ 0 (mod 2), by choosing t = µ/2 we can assumeσg 1σ −1 = g 1 , µ = ǫ 1 = 0, while if µ ≡ 1 (mod 2), by choosing t = (µ − 1)/2 we can assumeσg 1σ −1 = g 1 g 2 , µ = 1, ǫ 1 = −1/m. So for everyσ ∈Ĝ − G, for the action ofσ on Z we have the two following different cases:
Observe that since we have fixed the action of a liftingσ of σ on the elliptic curve E α = C/(α 3 Z + α 4 Z), we can now change lifting only by multiplyingσ by an element g ∈ Z. In fact if we take a liftingσ
s 2 we see that the linear part of the action ofσ ′ on the first two coordinates does not change, while the translation part changes. In fact we always can assume, by conjugating by a translation, that in the new lifting we have γ ′ 2 = 0. Furthermore we see that ifσ is chosen as in cases A1) and A2) we obtain forσ ′ =σg, d
Let us then consider the action of an elementσ ∈Ĝ − G on G − Z.
In case B) we easily see that we havẽ
therefore, looking at the linear parts we conclude that we must haveσg 3σ
Observe that by substituting g 3 with g 3 g l 1 g t 2 we do not change the topological type of the Kodaira surface and we obtainσ(g 3 g
. Thus if we choose l = −r, t = n − µr, we see that we can assume r = 0, n = 0, σg 3σ −1 = g 4 . Then we obtain f 1 = δ 4 − δ 3 = −(ǫ 4 + ǫ 3 ). By an easy computation one shows thatσg 4σ −1 = g 3 .
In cases A1) and A2) we havẽ
so by looking at the linear parts we see that we must havẽ
Thus we obtain rδ 1 = 0, which implies r = 0, since δ 1 = 0, f 2 = 2ǫ 3 + nǫ 2 . So we haveσg 3σ −1 = g 3 g n 2 . By substituting g 3 with g 3 g l 1 g t 2 we do not change the topological type of the Kodaira surface and we haveσg 3 g l 1 g t 2σ
In case 1) we have µ = ǫ 1 = 0 and therefore if n ≡ 0 (mod 2) we may choose t = n/2, l = 0 and by substituting g 3 with g 3 g n/2
2 , we see that we can assume n = 0,σg 3σ −1 = g 3 , and f 2 = 2ǫ 3 . If n ≡ 1 (mod 2), we can set t = (n − 1)/2, l = 0 and by substituting g 3 with g 3 g
, we see that we can assume n = 1,σg 3σ −1 = g 3 g 2 , and f 2 = 2ǫ 3 + ǫ 2 .
In case 2) we have µ = 1, ǫ 1 = −1/m and therefore if n ≡ 0 (mod 2) we may choose l = 0, t = n/2 and by substituting g 3 with g 3 g n/2
2 , we see that we can assume n = 0,σg 3σ −1 = g 3 , and f 2 = 2ǫ 3 . If n ≡ 1 (mod 2), we may choose l = 1, t = (n + 1)/2 and by substituting g 3 with g 3 g 1 g
, we see that we can assume n = 0,σg 3σ −1 = g 3 , and f 2 = 2ǫ 3 .
In conclusion we have the following cases:
By an easy computation we see that in cases A1) and A2) we havẽ
so by looking at the linear parts we conclude that we must haveσg 4σ
Again we can substitute g 4 with g 4 g r 1 g s 2 and try to find a normal form for the conjugation action ofσ on g 4 .
In case 1)A1)(a) we compute u = (2ǫ 3 −1+2δ 4 )/δ 1 ∈ Z, v = (−2d 1 −uǫ 1 )/ǫ 2 = 0,
Thus we have the two following possibilities: 1)A1)(a)(i): If u ≡ 0 (mod 2), then we can set r = −u/2 and we may assumẽ σg 4σ
, then we can set r = (1 − u)/2 and we may assumẽ
Thus we have the two following possibilities:
, then we can set r = −u/2 and we may assumẽ σg 4σ
In case 1)A2)(a) we compute u = (2ǫ 1)A2)(a)(ii): If u ≡ 1 (mod 2), then we can set r = (1 − u)/2 and we may assumẽ
We will prove later that case 1)A2)(b) does not occur.
In case 2)A1) we haveσg 2σ
, so if we choose r = −u/2 we have v + r = 0 and we can assumeσg 4σ
In case 2)A2) we haveσg 2σ
, so we have the following two different cases: 2)A2)(i) If u ≡ 0 (mod 2) (then also m ≡ 0 (mod 2)), we can choose r = −u/2 and we have v + r = −m/2 and we can assumeσg 4σ
2)A2)(ii) If u ≡ 1 (mod 2) (then also m ≡ 1 (mod 2)), we can choose r = (−u + 1)/2 and we have v + r = (1 − m)/2 and we can assumeσg 4σ
Observe now that in the cases A1) and B) we haveσ 2 ∈ Z, ∀σ ∈Ĝ − G. In fact,
So, in cases A1) and B) we can writeσ
In case A2), for every liftingσ, we havẽ
so we can writeσ 2 = g 3 g p 1 g q 2 , thus (6) doesn't split. Therefore in cases A1) and B) we must have 2γ 1 = pδ 1 , pǫ 1 + qǫ 2 = 0, or equivalently pµ = 2q.
In case A2) we must have 2γ 1 = −1/4 + pδ 1 + δ 3 , pǫ 1 + qǫ 2 + ǫ 3 = f 2 /2.
Notice that by substitutingσ byσg , so we have the two following cases: 1)B)' if p ≡ 0 (mod 2), then we can set k = −p/2 and we may assumeσ 2 = Id, γ 1 = 0 and (6) splits. 1)B)" if p ≡ 1 (mod 2), then we can set k = (1 − p)/2 and we may assumẽ σ 2 = g 1 , γ 1 = δ 1 /2. We claim that (6) does not split. In fact otherwise there would exist an element g ∈ G such that (σg) 2 = 1. But any g ∈ G can be written as follows: g = g . Then (σg) 2 = 1 implies 2l + 1 = 0, a contradiction.
In case 2)B) we haveσ 2 = g . Therefore if we set k = −q we can assumeσ 2 = Id, γ 1 = 0 and (6) splits.
In case 1)A1) we haveσ 2 = g p 1 g q 2 , 2γ 1 = pδ 1 , pǫ 1 + qǫ 2 = qǫ 2 = 0, thus q = 0, since ǫ 2 = 0. So if we substituteσ byσg
, so we have the two following cases: 1)A1)' if p ≡ 0 (mod 2), then we can set k = −p/2 and we may assumeσ 2 = Id, γ 1 = 0 and (6) splits. 1)A1)" if p ≡ 1 (mod 2), then we can set k = (1 − p)/2 and we may assumẽ σ 2 = g 1 , γ 1 = δ 1 /2. Observe that this does not necessarily imply that (6) does not split.
In case 2)A1) we haveσ
. Therefore if we set k = −q we can assumeσ 2 = Id, γ 1 = 0 and (6) splits.
In case 1)A2)(a) we haveσ
, so we have the two following cases:
1)A2)(a)' if p ≡ 0 (mod 2), then we can set k = −p/2 and we may assumẽ σ 2 = g 3 , γ 1 = (δ 3 − 1/4)/2. 1)A2)(a)" if p ≡ 1 (mod 2), then we can set k = (1 − p)/2 and we may assumẽ σ 2 = g 3 g 1 , γ 1 = (−1/4 + δ 1 + δ 3 )/2.
In case 1)A2)(b) we have 2γ 1 = −1/4 + pδ 1 + δ 3 , pǫ 1 + qǫ 2 + ǫ 3 = qǫ 2 + ǫ 3 = f 2 /2 = ǫ 3 + ǫ 2 /2, thus q = 1/2, absurd. Thus this case does not occur.
In case 2)A2) we haveσ
, so if we set k = −q, we can assumeσ 2 = g 3 , γ 1 = (δ 3 − 1/4)/2.
We finally list all the different cases in normal forms that occur:
and we have already observed that(6) does not split.
2)B) (E α , σ 1 ) as in case B), γ 2 = 0,
, ǫ 3 +δ 4 = 1/2,σ 2 = Id, γ 1 = 0 and (6) splits.
We also claim that (6) does not split. In fact otherwise there would exist an element g ∈ G such that (σg) 2 = 1. But any g ∈ G can be written as follows:
. Then (σg) 2 = 1 implies 2l + 1 = 0, a contradiction.
4 g 1 , 2ǫ 3 + 2δ 4 − 1 = δ 1 ,σ 2 = Id, γ 1 = 0 and (6) splits.
4 g 1 , 2ǫ 3 + 2δ 4 − 1 = δ 1 ,σ 2 = g 1 , γ 1 = δ 1 /2 and we claim that (6) splits. In fact one can easily see that (σg 4 g −1
4 , 2ǫ 3 + 2δ 4 + ǫ 2 − 1 = 0, σ 2 = g 1 , γ 1 = δ 1 /2 and we claim that (6) does not split. In fact otherwise there would exist an element g ∈ G such that (σg) 2 = 1. But any g ∈ G can be written as follows: g = g . Then (σg) 2 = 1 implies 2l + 1 = 0, a contradiction.
and we claim that(6) splits. In fact one can easily see that (σg 4 g −1
, ǫ 3 + δ 4 = 1/2,σ 2 = Id, γ 1 = 0 and (6) splits. 1)A2)(a)(i)' (E α , σ 1 ) as in case A2), γ 2 = 0, ǫ 1 = 0, m ≡ 0 (mod 2).σg 2σ
, ǫ 3 + δ 4 = 1/2, σ 2 = g 3 , γ 1 = (δ 3 − 1/4)/2 and (6) does not split.
, ǫ 3 + δ 4 = 1/2, σ 2 = g 3 g 1 , γ 1 = (−1/4 + δ 1 + δ 3 )/2 and (6) does not split.
, 2ǫ 3 + 2δ 4 − 1 = δ 1 ,σ 2 = g 3 , γ 1 = (δ 3 − 1/4)/2 and (6) does not split.
)/2 and (6) does not split.
2)A2)(i) (E α , σ 1 ) as in case A2), γ 2 = 0,
2)A2)(ii) (E α , σ 1 ) as in case A2), γ 2 = 0, (6) does not split.
In order to see that all these cases are different, we only have to check that case 1)A1)(a)(i)' is different from case 1)A1)(a)(i)"; case 1)A1)(b)(ii)' is different from case 1)A1)(b)(ii)"; case 1)A2)(a)(i)' is different from case 1)A2)(a)(i)"; case 1)A2)(a)(ii)' is different from case 1)A2)(a)(ii)". In fact in each of the above pair of cases, the conjugation action ofσ is the same, butσ 2 is different. Denote byσ andσ ′ the liftings of σ as in the above list respectively in the first and in the second case of each pair. Then since the conjugation action ofσ and of σ ′ on the g ′ i s are the same, the two cases of each pair are equivalent if and only if there exists a g ∈ Z such thatσ
. Now in all these cases we haveσ ′2σ−2 = g 1 , then we must have g 1 =σ ′2σ−2 = g ′ (σg ′σ−1 ) = g 2r 1 , as one can easily compute, so we have found a contradiction.
The topology of the real part
Now we would like to determine the topology of the real part of a real Kodaira surface S.
First of all we recall that remark (3.7) tells us that in cases 1B)", 1A1)(a)(i)", 1A1)(b)(i)", 1)A2)(a)(i)', 1)A2)(a)(i)", 1)A2)(a)(ii)', 1)A2)(a)(ii)", 1)A2)(i), 2)A2)(ii) of 3.9, the real part of S is empty, since (6) does not split.
Remark 4.1. The fixed point locus of an antiholomorphic involution σ on a real Kodaira surface S can only be a disjoint union of tori and Klein bottles. with fibre E β = C/(Zβ 1 + Zβ 2 ), so each component of the real locus is a S 1 bundle on S 1 . Furthermore the number of such connected components is less or equal to 4, since the real part of an elliptic curve has at most 2 connected components.
We want now to show how one can compute the number k of connected components of the real part S(R) of a real Kodaira surface and how to determine the nature of the components.
Assume that S(R) = ∅, then of course F ix(σ 1 ) = ∅ (σ 1 is the action of σ on E α as in 4.1) and F ix(σ 1 ) has either one or two connected components homeomorphic to S 1 . We consider then all the possible liftingsσ ′ of σ, such thatσ ′2 = Id and we consider their fixed point loci. Then, for a component in the fixed point locus of such a liftingσ ′ , we take the equivalence class, where we say that two such components Γ and Γ ′ are equivalent if and only if there exists an element h ∈ G such that h(Γ) = Γ ′ . Finally we want to see if the components are tori or Klein bottles and we observe that if Γ is a connected component of the fixed point locus of a liftingσ ′ as above, the corresponding connected component of S(R) is homeomorphic to Γ/H, where H = {g ∈ G |g(Γ) = Γ}.
Furthermore, since Γ ∼ = R 2 , we see that π 1 (Γ/H) ∼ = H, thus we only need to determine H.
We will see that H is always abelian, therefore all the connected components are tori.
In order to understand better what we are saying, we show the computation in case 1)A1)(a)(i)' of 3.9. From theorem 3.9 we know that we may choose a liftingσ of σ to the universal covering R 4 such that
4 . Furthermore we know thatσ 2 = 1. We want to find the elements g ∈ G such that (σg) 2 = 1. We know that every element g ∈ G can be written as follows: g = g For the Λ i 's, we show that if m ≡ 0 (mod 2), then Λ 1 and Λ 2 are not equivalent, while if m ≡ 1 (mod 2), they are equivalent.
In fact we want to see if there exists an element g ∈ G such that g(Λ 1 ) = Λ 2 , so we write g = g n 2 , which yields ǫ = rǫ 3 +nǫ 2 . Then we must have x ′ 1 = x 1 +r, −r/2 + (ǫ 3 + 1/2)x 1 − ǫ 4 /2 + ǫ = (ǫ 3 + 1/2)x ′ 1 − ǫ 4 /2 + ǫ 2 /2 = (ǫ 3 + 1/2)(x 1 + r) − ǫ 4 /2 + ǫ 2 /2, so we get nǫ 2 − ǫ 2 /2 = r. Since ǫ 2 = 2/m, we obtain 2n − 1 = mr, which is obviously impossible if m ≡ 0 (mod 2). If instead m ≡ 1 (mod 2), we can for instance choose r = 1, n = (m + 1)/2, so Λ 1 and Λ 2 are equivalent.
Therefore we have proven that if m ≡ 0 (mod 2), S(R) has 4 distinct connected components, while if m ≡ 1 (mod 2), S(R) has 3 distinct connected components. Now we show that the component Γ 1 gives rise to a torus as a component of S(R).
We have then to determine the group H = {g ∈ G | g(Γ 1 ) = Γ 1 }. Since any g ∈ G is of the form t 2 (r, n, t ∈ Z), ǫ 3 x 1 + ǫ = ǫ 3 (x 1 + r). Now since g = g r 3 g n 1 g t 2 , we obtain ǫ = ǫ 3 r + tǫ 2 , so we must have t = 0, g = g r 3 g n 1 , r, n ∈ Z. So H = {g r 3 g n 1 , | r, n ∈ Z} ∼ = Z 2 and Γ 1 /H ∼ = S 1 × S 1 . Analogously we can prove that also the other components are tori. Similar computations allow us to describe the topology of the real part in all the other cases and we obtain the following table.
